A classical result by Erdős, and later on by Bondy and Simonivits, states that every n-vertex graph with no cycle of length 2k has at most O(n 1+1/k ) edges. This bound is known to be tight when k ∈ {2, 3, 5}, but it is a major open problem in extremal graph theory to decide if this bound is tight for all k.
Introduction
Let k ≥ 2 be a fixed integer and let C 2k denote a cycle of length 2k. If a graph contains cycles, then the length of the shortest cycle is called the girth of the graph and is denoted by g. A graph is C 2k -free if it contains no subgraph isomorphic to C 2k . The Turán number ex (n, C 2k ) denotes the maximum number of edges in a C 2k -free graph on n vertices. An unpublished result of Erdős, which was also proved by Bondy and Simonovits in [2] , shows that ex (n, C 2k ) = O n 1+1/k .
In the other direction, one can use the probabilistic method to show that ex(n, C 2k ) ≥ ex (n, {C 3 , C 4 , . . . , C 2k+1 }) ≥ Ω(n 1+1/2k ).
For k ∈ {2, 3, 5}, it is known that ex (n, C 2k ) = Θ n 1+1/k (see [3, 5] for k = 2 and [1, 7, 16] for k ∈ {3, 5}). It is a long standing open problem to determine the order of magnitude of ex (n, C 2k ) for k / ∈ {2, 3, 5}. Erdős and Simonovits [6] conjectured that ex (n, C 2k ) = Θ n 1+1/k for all k ≥ 2. For k = 4, the current best lower bound is due to Benson [1] and Singleton [14] , who showed ex (n, C 8 ) ≥ Ω(n 6/5 ). For large k, the densest known C 2kfree graphs on n vertices are the constructions of Ramanujan graphs due to Margulis [11] Lubotzky, Phillips, and Sarnak [10] , Lazebnik, Ustimenko and Woldar [9] , and Dahan and Tillich [4] . The constructions provide n 1+δ edges where δ ∼ 6 7k as k → ∞. In this paper, we study the analogous problem for the point-line incidences in the plane. Given a finite set P of points in the plane and a finite set L of lines in the plane, let I(P, L) = {(p, ℓ) ∈ P × L : p ∈ ℓ} be the set of incidences between P and L. The incidence graph of (P, L) is the bipartite graph G = (P ∪ L, I), with vertex parts P and L, and E(G) = I(P, L). If |P |= m and |L|= n, then the celebrated theorem of Szemerédi and Trotter [15] states that |I(P, L)|= O m 2/3 n 2/3 + m + n .
(1.1)
Moreover, this bound is tight which can be seen by taking the √ m × √ m integer lattice and bundles of parallel "rich" lines (see [13] ). Thus, the number of incidences between any arrangement of n points and n lines is at most O(n 4/3 ), which is significantly better than ex(n, C 4 ) = Θ(n 3/2 ). Therefore, we make the following conjecture.
Conjecture 1.1. Let k ≥ 3 be an integer. Let P be a set of n points in the plane, let L be a set of n lines in the plane, and I = I(P, L). If the incidence graph G = (P ∪ L, I) is C 2k -free, then |I(P, L)|= o(n 1+1/k ).
Solymosi proved Conjecture 1.1 for k = 3, but it is still an open problem for k ≥ 4.
In this paper, we apply a simple technique of realizing point-line incidence graphs arising from finite geometries as point-line incidence graphs in the Euclidean plane. As expected, we obtain some loss on the number of edges. Our first result is stated below, which is obtained by applying this technique to a well-known construction of Lazebnik and Ustimenko [8] of a large graph with large girth. Theorem 1.2. Let k ≥ 3 be an odd integer. For n > 1, there exists an arrangement of n points P and n lines L in the plane such that their incidence graph G = (P ∪ L, I) has girth g ≥ k + 5 and determines at least Ω(n For k = 5, we obtain a slightly better bound by applying this technique to Wenger graphs. Theorem 1.3. There exists an arrangement of n points P and n lines L in the plane such that their incidence graph G = (P ∪ L, I) is C 10 -free and determines at least Ω(n 1+1/15 ) incidences.
We systemically omit floor and ceiling signs whenever they are not crucial for the sake of clarity of our presentation.
Proof of Theorem 1.2
In [8], Lazebnik and Ustimenko gave the following construction of a q-regular bipartite graph D(q, k) = (U ∪ V, E) on 2q k vertices with girth g ≥ k + 5, where q is a prime power and k ≥ 3 is an odd integer. The vertex set of
In order to define E ⊂ U × V, we will label the coordinates of u ∈ U and v ∈ V as follows.
. . , Note that we only consider the first k such coordinates. For example when k = 5, we have
. Then uv ∈ E if and only if the following k − 1 equations are satisfied: 
In [8] , Lazebnik and Ustimenko proved the following.
. For an odd integer k ≥ 3, the bipartite graph D(k, q) described above has girth g ≥ k + 5.
We will use this construction to prove Theorem 1.2.
Proof of Theorem 1.2. Let k ≥ 3, and n > 1 be sufficiently large such that ⌊n 4 k 2 +6k−3 ⌋ ≥ 1. By Bertrand's postulate theorem, there is a prime number q such that 4n
(2.1)
The bipartite graph G = (U ′ ∪ V ′ , E ′ ) is a subgraph of D(q, k), and therefore, it has girth g ≥ k + 5. It suffices to show that |E ′ |= Ω(n 1+ 4 k 2 +6k−3 ) and to realize G as an incidence graph of points and lines in the plane.
Set P = U ′ ⊂ Z k . Then we have
We define a set of |V ′ | lines L in R k as follows. For each v ∈ V ′ , let ℓ v be the solution space to the following system of k − 1 equations over k variables.
It is easy to see that the k − 1 equations above are independent and therefore, ℓ v is a line in R k . Moreover, each line is unique by the following claim.
Without loss of generality, we can assume u 1 = w 1 , as otherwise, we can show inductively that both vectors u and v have the same coordinates. For any point u ∈ P,
there is a unique solution to the following system of k equations.
Hence, both v and w correspond to distinct lines. Therefore, we have Notice that every point u ∈ P is incident to at least 2n , we obtain v 1,1 sch that 0 ≤ v 1,1 = v 1 u 1 + u 1,1 ≤ 3n 8 k 2 +6k−3 . By repeating the same argument the rest of the coordinates of v will be determined uniquely.
Hence, we have a set of Θ(n) points P and Θ(n) lines in R k such that |I(P, k)|= Ω(n 1+ 4 k 2 +6k−3 ). Projecting points P and lines L into the plane completes the proof of Theorem 1.2.
Proof of Theorem 1.3
Let k ∈ {2, 3, 5}. In [16] , Wenger gave the following construction of a C 2k -free and p-regular bipartite graph H k (p) = (U ∪ V, E) on 2p k vertices, where p is a prime power. First we briefly discuss the Wenger's construction. The vertex set of H k (p) is U ∪ V, where U = V = {0, . . . , p − 1} k . In order to define E ⊂ U × V, we will label the coordinates of u ∈ U and v ∈ V as follows.
Then uv ∈ E if and only if the following k − 1 equations are satisfied:
In [16] , Wenger proved the following.
Theorem 3.1. For k ∈ {2, 3, 5}, the bipartite graph H k (p) described above is C 2k -free.
We will use this construction to prove Theorem 1.3.
Proof of Theorem 1.3. Let k ≥ {2, 3, 5} and n > 1 be sufficiently large such that ⌊n 2 k 2 +2k ⌋ ≥ 1. By Bertrand's postulate theorem, there is a prime number p such that 2 2k n 2 k < p < 2 2k+1 n 2 k . Then let H k (p) = (U ∪ V, E) be defined as above.
Let E ′ ⊂ U ′ × V ′ such that uv ∈ E ′ if and only if the following k − 1 equations are satisfied:
The bipartite graph G = (U ′ ∪V ′ , E ′ ) is a subgraph of H k (p), and therefore, it is C 2k -free. It suffices to show that |E ′ |≥ Ω(n 1+ 2 k 2 +k ) and to realize G as the incidence graph of points and lines in the plane.
Let P = U ′ ⊂ Z k . Then we have
It is easy to see that the k − 1 equations above are independent and therefore, ℓ v is a line in R k . Moreover, we have the following claim.
Proof. Let v and w be two distinct members of V ′ , where v = (v 1 , . . . , v k−1 ) and w = (w 1 , . . . , w k−1 ).
Without loss of generality, we can assume u 1 = w 1 , as otherwise, we can show inductively that both vectors u and v have the same coordinates. For any point u = (u 1 , u 2 , . . . , u k−1 ) ∈ P, there is a unique solution to the following system of k equations.
Hence, both v and w correspond to distinct lines.
Therefore, we have
Notice that every line ℓ v ∈ L is incident to at least n − 2n 4 k(k+1) ≤ −u k−1 v k−1 ≤ 0. By repeating the same argument the other coordinates of u will be determined uniquely.
Thus we have a set of Θ(n) points P and Θ(n) lines in R k such that |I(P, k)|= Ω(n 1+ 2 k 2 +k ). Projecting points P and lines L into the plane completes the proof of Theorem.
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Concluding Remarks
As a corollary of Theorem 1.2 for k = 3, we get that there exists an arrangement of n points and n lines in the plane with no C 6 in the incidence graph while determining Ω(n 1+ 1 6 ) incidences. It is worth mentioning that one can follow the construction of Theorem 1.5 in [12] to get a construction of an arrangement of n points and n lines in the plane where their incidence graph is C 6 -free while it determines Ω(n 1+ 1 7 ) incidences.
